Let f , U and C represent, respectively, the free energy, the internal energy and the specific heat of the critical Ising model on the square M × N lattice with periodic boundary conditions, and f ∞ represents f as M, N → ∞. We find that f , U and C can be written as:
The concept of finite -size scaling [1] plays a fundamental role in the theory of finite-size effects near phase transitions [1] [2] [3] [4] and is indispensable for the analysis of numerical studies of critical phenomena in small systems [5] . The theory of finite-size effects and of finite-size scaling in general has been most successful in deriving critical and noncritical properties of infinite systems from those of their finite or partially finite counterparts. Of course the main difficulty is that the finite-size scaling is valid only for large N and that the numerical calculations can be done only for small N. Therefore the corrections to finite-size scaling cannot be neglected. The dominant scaling properties of a number of two-dimensional models have been determined in recent years, but questions remain about the subdominant finite-size corrections to scaling. This paper present new results for finite-size effects in the Ising model on a large M × N square lattice at the critical point.
The critical properties of a finite Ising model consisting of a square M × N lattice with periodic boundary condition has been investigated by A. Ferdinand and M. E. Fisher [6] . Among other results, they gave explicit expressions for the internal energy per spin U and the specific heat C at critical point (T = T c ), and for a large lattice they obtained the following asymptotic expansions
where ξ = M/N, θ i = θ i (0, q) (i = 2, 3, 4) is elliptic theta functions of modulus q = e −πξ , C E is the Euler constant and f ∞ is the free energy in the thermodynamic limit M, N → ∞.
In this paper we extend the calculation of the critical internal energy and specific heat up to 1/N 5 and 1/N 3 orders, repectively. We also calculate the critical free energy heat up to 1/N 5 order. Consider an Ising ferromagnet on an M × N lattice with periodic boundary conditions (i.e. a torus). The Hamiltonian of the system is
where β = (k B T ) −1 , the Ising spins s i = ±1 are located at the sites of the lattice and the summation goes over all nearest-neighbor pairs of the lattice. The partition function Z M N (T ) of a finite M × N square Ising lattice wrapped on a torus is
The partial partition functions Z i are defined by
where
(1 − e −M γ 2r+1 ),
and γ r is implicitly given by
At the critical point J c of the sq lattice Ising model, where
The free energy and the internal energy per spin are given by
while the specific heat per spin is
where the primes denote differentiation with respect to J. At the critical point (T = T c ) the partial partition functions Z i and their first and second derivatives are given by
and P i are given by Eq. (10) with γ r = γ (cr) r and γ
′′(cr) r
denote the second derivative of γ r with respect to J at the critical point J = J c .
Then the exact expression for the free energy, the internal energy and the specific heat of a finite Ising model at critical point (T = T c ) can be written as
We will consider only sequences of lattices in which ξ = M/N remains positive and finite as the thermodynamic limit M, N → ∞ is approached. Using Taylor's theorem we obtained
Using Euler-Maclaurin summation formula
where B 2i are the Bernoulli numbers, B j (x) are the Bernoulli polynomials andB j (x) are the periodic extension of B j (x), we can expand A and B up to arbitrary order
Let us now evaluate the products P i for i = 1, 2, 3, 4. It is easy to see from Eqs. (10) and (26) that P i contains only even power of 1/N
where θ i = θ i (0, q) is elliptic theta functions of modulus q = e −πξ . As readily sees from Eqs. (23), (24) and (28) -(30) that the finite-size estimates of the free energy (Nf ) and the internal energy (U) must be well-defined odd function of N −1 .
Let us now evaluate the coefficients p i1 , p i2 for i = 1, 2, 3, 4. After little algebra we obtained The coefficients p i1 and p i2 can be rewritten in a more symmetrical way
and
Here for convenience we use the following notation:
and S 2 (x) is given by (see [7] p. 721)
where x = πK ′ (k)/K(k) with K(k) and E(k) the elliptic integrals of the first and second kind, respectively. The S 4 (x) and S 6 (x) are given by
Thus we are now in a position to evaluate R(x) and Ψ(x) given by Eqs. (38) and (39) respectively. The result is
The expressions for R(2x), R(x/2) and Ψ(2x), Ψ(x/2) can be written as a function of the modulus k by using properties of the elliptic functions. Thus for the coefficients p i1 (for i = 1, 2, 3, 4) we finally obtain
After little algebra the expressions for p i2 (for i = 1, 2, 3, 4) can be written as
2 ,
where for simplicity we denote (46) and (47) in Eqs. (23) and (24) we can write the expansions of the free energy (Nf ) and the internal energy (U) at the critical point (T = T c ) up to 1/N 5 order. The final result is
where f ∞ = −0.5 ln 2 − 2G/π and θ 2 , θ 3 , θ 4 are elliptic function
To calculate the specific heat we must evaluate asymptotically the sums appearing in the expression (25) for C, namely Q 1 , Q 2 and Q 3 . Since the analysis follows the same general lines as in the case of the free energy and internal energy, we will not present the details of calculations and we quote here only results, namely, at the critical point T = T c the asymtotic expansion of the sums Q 1 , Q 2 and Q 3 can be written as
It is easy to see from Eqs. (24), (25), (30) and (55) that the asymtotical expansion of the specific heat, can be written as
Surprisingly, the next terms in the the asymtotical expansion of the specific heat are N i , without multiplicative logarithms.
It is also clear that the contribution to odd (N −2i−1 ) order in the specific heat expansion give only first term in right-hand side of the Eq. (25). Thus, we can obtained immediately that the ratio u 2i+1 /c 2i+1 of subdominant (N −2i−1 ) finite-size corrections term in the internal energy and the specific heat expansions are constant, namely, u 2i+1 /c 2i+1 = 1/ √ 2 as well that u 2i /c 2i = 0. Several questions arise: (i) can one prove that these ratios are universal? (ii) If, so, how do such amplitudes behave in other models, for example in the three-state Potts model?
Let us now evaluate the first few terms in the specific heat expansion. After tedious calculation we obtain
with The calculation of finite-size corrections is of interest for a number of reasons. For critical models the energy and the correlation length corrections are closely related to important parameters like central charge c and the magnetic scaling dimension x N and, besides its intrinsic interest, the treatment of lattice models for finite but large N can give important insights into finite-size studies. The large-N limit is one of the very few opportunities of having analytical results, and therefore a good quantitative understanding of finite-size effects.
The results of this paper inspire several problems for further studies: (i) can one prove that the ratio u 2i+1 /c 2i+1 of subdominant (N −2i−1 ) finite-size corrections term in the internal energy and the specific heat expansions are universal? (ii) If, so, how do such amplitudes behave in other models, for example in the three-state Potts model?
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